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1.   Introduction 

Logic  design  of  networks  with  NOR  or  NAND  gates  is  important 
since  basic  logic  gates  of  many  integrated  circuits  (for 

example,  RTL  (Register-Transistor  Logic),  DTL  (Diode-Transistor  Logic),  TTL 
(Transistor-Transistor  Logic),  ECL  (Emitter- Coupled  Logic),  ILL  (integrated- 
Injection  Logic)  and  VMOS)  realize  NOR  or  NAND.  Many  papers  were  published  on  the 
problem  of  synthesizing  networks  with  NOR  or  NAND  gates.   These  are  classified 
into  the  following  four  groups. 

(1)  Switching  algebraic  method  [6],  [8],  [12],  [19]. 

(2)  Map- factoring  method  [20],  [23],  [29]. 

(3)  Exhaustive  method  [7]. 

(k)     Integer  programming  method  including  branch- and -bound  method  [3],  [21],  [22], 
[2k]   ~  [27]. 

(5)  Network  transformations  [k] ,    [5],  [H],  [17],  [27].   (Transformations  of  net- 
works in  order  to  comply  fan- in/ fan- out  restrictions  such  as  those  in  [28] 
are  of  different  nature,  so  they  are  not  discussed  in  this  paper  but  will 
be  elsewhere. ) 

Each  method  has  different  advantages  and  disadvantages.   The  switching 
algebraic  methods  are  relatively  easy  to  use  but  the  results  are  not  neces- 
sarily optimal  networks  except  the  cases  under  very  specific  constraints 
(such  as  two  level  networks  without  fan- in,  fan-out  restrictions).   The  ex- 
haustive method  can  be  applied  only  to  networks  with  very  few  gates  though  it 
gives  optimal  networks.   The  integer  programming  method  and  the  branch-and- 
bound  method  yield  optimal  networks  by  much  shorter  calculation  time  than  the 
exhaustive  method.   These  methods  are,  however,  too  time-consuming  if  the 
number  of  gates  exceeds  10.   When  we  need  a  synthesis  procedure  which  can 


treat  a  logic  network  with  many  gates,  the  network  transformation  methods 
seem  promising,  which  transform  networks  designed  by  some  methods  such  as  the 
switching  algebraic  method  into  simpler  networks.   Some  NOR  (or  NAND)  network 
transformations  were  discussed  by  [k] , [5], [20] .  Recently  more  general  trans- 
formations were  studied  by  T.  Nakagawa,  H.C.  Lai  and  S.  Muroga  (the  trans- 
formations are  combined  with  the  branch- and -bound  method  in  order  to  improve 
the  efficiency  of  the  branch- and -bound  method)  [27],  H.  Lee  and  E.S.  Davidson 
[17]  and  Y.  Kambayashi,  H.C.  Lai  and  S.  Muroga  [11] . 

In  this  paper  new  network  transformation  methods  based  on  the  concept 
of  permissible  functions  are  presented.   These  methods  are  called  the  network 
transduction  methods  (Transformation  and  Reduction).  Any  network  designed  by  some 
known  method  is  transformed  and  reduced  into  a  simpler  network  by  the  transduction 
method.  A  function  f  is  called  a  permissible  function  for  a  gate  if  specified 
components  of  each  of  the  network  outputs  (each  network  output  is  completely  or 
incompletely  specified  functions)  do  change  their  values  by  replacing  the  function  i 
realized  at  the  output  of  that  gate  by  the  function  f.   Then  two  concepts  of  specia 
sets  of  permissible  functions,  i.e.,  a  maximum  set  of  permissible  functions  (MSPF) 
and  a  compatible  set  of  permissible  functions  (CSPF),  are  introduced.   Properties 
and  calculation  procedures  for  these  sets  are  discussed. 

If  we  use  MSPF's  in  some  network  transduction,  we  may  have  a  better  resul 
than  the  use  of  CSPF's,  but  the  calculation  of  MSPF's  takes  much  longer  time.  Pro- 
cedures to  remove  redundant  connections  and  gates  in  a  given  network,  using  MSPF's 
and  CSPF's,  are  described  in  this  paper.  Using  the  concept  of  permissible  function; 
some  network  transformations  which  are  known  already  can  be  generalized.  Several 
such  transformations  are  shown  along  with  examples.  A  new  network  transduction 
method  based  on  error  compensation  is  also  discussed  briefly. 


If  an  output  function  is  incompletely  specified,  unspecified  components  may  change 
by  the  replacement.   Even  in  such  a  case,  the  network  output  is  regarded  as  "not 
changed."  In  other  words,  this  definition  of  a  permissible  function  is  not 
concerned  with  unspecified  components. 


2.   Basic  Definitions 

In  this  paper  we  consider  only  a  loop-free  combinational  network 

which  has  p  input  terminals,  R  NOR  gates  and  m  output  terminals. 

Let  X  =  {x1,  xg,  ...,  xn),  Z  =  {z1,  z2,  ...,  zj ,  V].  =  {y±,   Vg,  . .., 

v  )j  V_  =  (v  _ ,  v  _,  . . . ,  v  _)  and  V~  =  {v  _,,.  v  _  _.  . . . ,  v  _  }  be 
p  '   G     p+1'   p+2'    »   p+R       0     p+Rfl'  p+R+2'     '   p+R-Hn 

the  set  of  n  external  variables,  the  set  of  m  output  functions,  the  set  of  p 
input  terminals,  the  set  of  R  NOR  gates,  and  the  set  of  m  output  terminals, 
respectively. 

If  x  ,  x  ,  ...,  x  ,  x  ,  x  ,  ...,  x  (x.  means  the  compliment  of  x. ) 

are  fed  to  p  input  terminals,  then  we  set  p  =  2n.  For  simplicity  in  this 

paper  we  assume  only  uncomplemented  external  variables  (x. 's)  are  available 

as  input  functions,  so  we  set  p  =  n  and  x.  is  assumed  to  be  connected  to  v. 

for  i  =  1,  2,  . . . ,  n.   In  other  words,  "input  terminals"  essentially  mean 

external  variables,  i.e.,  V  =  X.  Let  C  =  {c. .}  be  the  set  of  connections, 

where  c.  .  denotes  a  connection  fed  from  v.  e  VT  U  Vrt  to  v.  e  VA  U  V„.  V  is  defined 
ij  i    I    G     j    0    G 

by 

Each  output  function  z.  may  not  be  completely  specified.   We  assume 

that  z.  for  each  i  is  realized  at  the  output  of  NOR  gate  v  .  which  is  con- 

nected  to  output  terminal  v  „  . .  Thus  connection  c      „  .  exists  for  i  = 
p+R+i  p+i ,  p+R+i 

1,  2,  . . . ,  m.  We  also  assume  that  there  exists  no  direct  connection  from  any 
input  terminal  to  output  terminals,  that  is,  no  z.  is  identical  to  any  x.. 
If  there  exists  a  connection  c. .  from  v.  to  v.,  v.  is  called  an 
immediate  predecessor  of  v.  and  v.  is  called  an  immediate  successor  of  v.,  where 


v. ,  v.  €  V.   Let  IP(v. )  and  IS(v. )  denote  the  set  of  all  immediate  prede- 
1*  j  i         i        £ 

cessors  of  v.  and  the  set  of  all  immediate  successors  of  v.,  respectively. 

If  there  exists  a  sequence  of  gates  v ,  v  ,  . ..,  v   between  v.  and  v.  with 

a  non-negative  integer  t  such  that  v  _  e  IS(v.  ),  v,   e  IS(v,    , )  for  q  =  2, 

kl       i  '   kq       k,q-l/     ^    ' 

3,  ...,  t  and  v.  e  IS(v  ,  ),  then  v.  is  a  predecessor  of  v.  and  v.  is  a  succes- 

sor  of  v..  Let  P(v. )  and  S(v. )  denote  the  set  of  all  predecessors  of  v.  and 
—      l       v  l       v  l        - i 

the  set  of  all  successors  of  v. ,  respectively. 

A  vector  which  contains  the  notation  *  in  its  component  denotes 
the  set  of  all  vectors  which  are  formed  by  assigning  0  or  1  to  *  in  all  pos- 
sible combinations.   For  example, 

F  =  (1,0,*,*,)  =  {(1,0,0,0),  (1,0,0,1),  (1,0,1,0,),  (1,0,1,1)}. 


vector  F, 


Let  F^'  denote  the  j-th  component  of  the  vector  F.   For  the  above 


F^  -  1,  F(2)  =  0,  F(3)  =  *,  Y(k)    -   *. 


Union  U  and  intersection  fl  are  used  to  mean  ordinary  set  operations, 
e.g., 

(1,0,1,1)  U  (1,0,0,1)  =  (1,0,*,1). 

(i,o,*,i)  n  (1,0,1,*)  =  {(1,0,0,1),  (1,0,1,1)}  n  {(1,0,1,0),  (1,0,1,1)} 

=   (1,0,1,1). 
A  function  realized  at  v.  is  represented  by  f(v. ).   By  the  definition, 

f (v. )  =  x.  for  i  =1,  . . . ,  n, 

11 

f(v  .)  =  f(v  „  .)  =  z.   for  i  =  1,  ...,  m. 

v  n+i     v  n+R+i'    1  '    ' 


A  function  f.  (completely  or  incompletely  specified) 


.n 


at  an  input  terminal,  a  gate,  or  a  connection,  is  represented  by  a  2  dimen- 
sional vector 


where 


'  (^  x2,  ...,  xj  =0, 


=  0  if  f 


'(5)   ._  *    1 


if  f.(xn,  xQ,  ...,  x  )  =  d  (don,t>\ 
iv  1'  2'    '  nJ  \care  / 


for  j  -  1  =  2n~  x_  +  2  "'"  x0  +  ...  +  x  . 
°  1        2         n 


Based  on  the  previous  definition  of  *,  an  incompletely  specified  function  in 
its  vector  representation  thus  expresses  the  set  of  all  completely  specified 
functions  by  assigning  0  and  1  to  *  in  all  possible  ways.  External  variables 
are  accordingly  represented  by 


x,  = 


{  ^J  •         9      •  •  •   •••  i  -J  y  y         y      *   •  *   *  *  •  3     -*- /  » 

V ..  „ /     V J 


,n-l 


n-1 


x„  = 


Ji-2 


Ji-2 


Ji-2 


,n-2 


x 


x 


n_1  =  (0,  0,  1,  1,  ...,  ...,  0,  0,  1,  1), 
=  (0,  1,  0,  1,  ...,...,  0,  1,  0,  1). 


n 


Definition  2.1:  If  no  specified  components   of  the  network  output  functions 

change  "by  replacing  the  function  realized  at  input  terminal  v.,  gate  v.  or 

connection  c. .,  by  a  function  f,  then  function  f  is  called  a  permissible 
-*- J 

function  for  input  terminal  v.,  gate  v.  or  connection  c. .,  respectively. 

This  is  illustrated  in  Fig.  2.1.   Suppose  we  want  to  find  a  permissible 
function  for  connection  c. .  in  network  in  (a).  When  we  replace  c. .  by  a  function 
f  of  variables  x_,...,x  as  shown  in  (b),  f  is  a  permissible  function  for  c. .  if 
specified  components  of  z.,,...,z  in  (b)  are  not  different  from  those  in  (a). 
Usually  there  is  more  than  one  permissible  function  for  c. .. 

Notice  that  permissible  functions  for  a  connection  c. .  are  separately 

defined  from  those  for  a  gate  v.  with  the  same  i.   Therefore,  when  gate  v. 

1  '      °     1 

has  more  than  one  fan-out  connection,  there  may  be  generally  some  permissible 


functions  of  v.  which  are  not  permissible  functions  of  c. .;  and  there  may  be 

generally  some  permissible  functions  of  c. .  which  are  not  permissible  functions 

of  g..   Bat  when  gate  has  only  one  connection  c. .,   every  permissible  function 
-^  -*-  J 

of  g.  is  a  permissible  function  of  c. .  and  vice  versa.  Also  note  that  changes 
in  unspecified  components  *  of  the  network  output  functions  are  irrelevant  to 
this  definition. 


x. 
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Fig.  2.1  Permissible  function  for  connection  c 


ij 


Definition  2.2:   The  binary  operation  #  is  defined  as  follows, 


o#o 

=  0,   1  #  1  =  1, 

0#1 

=  1  #  o  =  *, 

1  #* 

=  *,  #  1  =  *, 

o  #  * 

=     *    #     0      =:     *, 

*#* 

=  *. 

This  relation  is  summarized  in  Table  2.1 


# 

0 

1 

* 

0 

0 

-x- 

* 

1 

* 

1 

* 

* 

-* 

* 

*- 

Table  2.1 
Operation  # 


For  vectors 


fl  "  (V  V  •••'  a2n^ 


where  components   are  0,  1,  or  *,  f  #  f  is  defined  by 

fl#f2  =  (ai#  V  a2#  V  ••-a2n#b2n)   * 
Note  that  this  operation  is  different  from  U  (union).   For  example, 


(10  11)1(1110)  =(1*1*) 
=  (1  0  1  0)  U  (1  0  1  1)  U  (1  1  1  0)  U  (1  1  1  1) 
=>  (1  0  1  1)  U  (1  1  1  0). 


X  => y  means  that  set  X  contains  all  the  elements  contained  in  Y  and  furthermore 
X  contains  some  elements  not  contained  in  Y.   X  =>  Y  means  that  X  =>  Y  or  X  =  Y. 


If  f  and  fp  are  two  different  permissible  functions  for  a  certain 
input  terminal,  gate,  or  connection,  then  the  set  f-  #  fp  is  a  set  of  permis- 
sible functions  for  the  same  input  terminal,  gate,  or  connection,  because  the 
specified  components  of  the  network  outputs  are  identical  for  both  f    and 
f  ™  ^  for  every  j  no  matter  whether  t™ '   =   f  ™ '  =  1;  t™'   =  t£     =  0;  f ™  '  =  0, 
fg'   =  1;  or  f£^  =  1,  ?£*   =   0.   Since  the  associative  law  holds  with  the 
operation  #,  we  can  generalize  this  statement  as  follows. 

Lemma  2.1;   Let  F  ,  F  ,  ...,  F„   ..  and  F»  be  single  vectors  whose  components 
are  0's,  l's  and  *'s  and  each  of  them  represents  a  set  of  permissible  func- 
tions for  a  certain  input  terminal,  gate,  or  connection.  Then  the  set  F.  #  F, 
#  ...  #  Fp   is  also  expressed  by  a  single  vector  representing  a  set  of  permissib^ a 
functions  for  the  same  input  terminal,  gate,  or  connection,  respectively. 

As  F  #  F  #  ...  #  F,   can  be  represented  by  a  single  vector  and 

F1#F2  #  ...  #F£     ^  &!'   F2'  "•*'  V' 

we  can  obtain  the  following  two  properties. 

(1)  If  a  set  G  of  permissible  functions  is  given  which  may  not  be  expressed 
by  a  single  vector,  we  can  obtain  a  set  G'  of  permissible  functions  such 
that  G1  can  be  expressed  by  a  single  vector  and  G'  ^  G. 

(2)  The  set  of  all  permissible  functions  for  any  input  terminal,  gate,  or 
connection  can  be  consequently  expressed  by  a  single  vector.  This  set  is 
called  the  maximum  set  of  permissible  functions,  abbreviated  as  MSFF. 

Let  G„,(v. )  and  G„,(c.)  denote  maximum  sets  of  permissible  functions 

for  v.  and  c. .,  respectively.  We  use  G(v. )  and  G(c. .)  to  denote  arbitrary  subsets 

of  G„(v. )  and  G„,(c..),  respectively.  As  seen  from  the  second  paragraph  after 
Ml       M  lj  ' 


Since  p  =  n  is  assumed,  an  input  terminal  is  an  external  variable  as 
mentioned  in  Section  2. 


10 

Definition  2.1,  G„„(v.  )  is  not  necessarily  identical  to  G.,(c.)  when  gate 
'Ml  M  10 

v.  has  two  or  more  fan-out  connections  but  G,,(v.  )  =  G„(c.  .)  holds  when  gate 
l  M  l     M  10 

v.  has  only  one  fan-out  connection  c. ..   Because  of  the  above  property   (l), 

J-  X  J 

we  use  only  sets  of  permissible  functions  represented  by  a  single  vector  (i.e., 
if  there  are  permissible  functions  F  ,  F  ,  . ..,  F»,   we  consider  F  #  Fp  #  . . .  # 
F»   by  combining  them  with  #  instead  of  considering  {F  ,  F  ,  . ..,  FJ).   This 
restriction  is  useful  to  reduce  memory  space  and  calculation  time  when  procedures 
based  on  permissible  functions  are  to  be  implemented  by  computer  programs. 

A  gate  or  a  connection  is  said  to  be  S- redundant  (implying  single- 
redundant)  if  no  specified  components  of  the  network  outputs  change  by  re- 
moving the  gate  or  the  connection.   In  some  networks,  no  specified  components 
of  the  network  outputs  change  if  two  or  more  gates  and/or  connections  are  re- 
moved while  the  outputs  change  if  a  single  gate  or  a  connection  is  removed.   In 
contrast  to  "S-redundant, "  it  is  called  M- redundant  (implying  multiple-redundant;. 
A  network  without  any  S-redundant  gates  or  connections  is  called  S-irredundant. 
S-irredundant  networks  are  important  for  fault  location.   If  a  network  is  not 
S-irredundant  it  is  called  an  S-redundant  network.   A  network  with  S-  or  M-re- 
dundant  gates  or  connections  is  called  a  redundant  network  and  a  network  which 
is  not  redundant  is  called  an  ir redundant  network.   Notice  that  an-  irredundant 
network  does  not  necessarily  have  a  minimum  number  of  gates  or  connections. 

Lemma  2.2:   If  a  set  of  permissible  functions  for  an  input  terminal,  a  gate, 
or  a  connection  is  represented  by  a  single  vector  whose  components   are  O's 
and  *'s  only,  then  the  input  terminal,  the  gate,  or  the  connection  is  S-re- 
dundant, respectively.   In  other  words,   even  if  it  is  removed  from  the  net- 
work, the  specified  components   of  the  network  outputs  do  not  change.   If  the 
set  of  permissible  functions  is  maximum,  the  condition  becomes  a  necessary  and 


11 

sufficient  condition  for  S-redundancy  of  the  input  terminal,  the  gate,  or 
the  connection. 

Proof;  When  the  components  consist  of  only  O's  and  *'s,  (0,  0,  . ..,  0)  is 
contained  in  the  set.  Thus,  even  if  the  function  realized  at  the  input  ter- 
minal, the  gate,  or  the  connection  is  replaced  by  the  function  which  is 
identically  0,  the  network  outputs  do  not  change,  so  we  can  remove  it. 

The  second  statement  is  obvious.  When  the  set  is  not  maximum,  there  may 
be  a  permissible  function  with  some  components  of  1  such  that  a  gate  or  a 
connection  can  be  removed.   But  even  in  this  case,  if  the  maximum  set  is  obtained, 
its  components  must  be  0  or  *  only. 

Q.E.D. 
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3.   Maximum  Sets  of  Permissible  Functions 

In  this  section  we  will  give  a  procedure  to  calculate  maximum  sets  of 
permissible  functions  (abbreviated  as  MSPF).   This  procedure  will  be  used  to  obtai 
S-irredundant  networks.   Especially  for  tree  networks  (i.e.,  networks  where  each 
gate  has  exactly  one  fan-out  connection)  the  procedure  is  effective. 

Let  us  introduce  the  following  definition  to  be  used  in  Theorem  3«1« 

Definition  3.1:   The  binary  operation  □  is  defined  as  follows: 

*uo  =  *ni  =  oni  =  *, 

0  □  0  =  1,      1  □  0  =  0. 


Operations  for  other  combinations  are  not  defined.   Note  that  the  operation 
□  is  nether  commutative  nor  associative.   The  relation  is  summarized  in 
Table  3.1,  where  "-"  denotes  "undefined." 


First 
Element 


Second  Element 

□ 

0     1     * 

0 

1           *           - 

1 

0 

* 

*     *     _ 

Table  3-1 
Operation  G 


For  vectors 

fl  =  (W,",a2n) 

f2  =  (b1,b2,...,b  n)   , 

whose  components  are  0,  1,  or  *,  f^  □  fg  is  defined  by 

flQf2  =  (alGbl'a2Gb2^-^a2n:]b2n)   * 
Theorem  3.1:   If  the  MSPF  G..(v.  )  for  gate  v  and  f(v)  for  every  v  6  IP(v  ) 


Mv  k 


k 


k' 


are  given,  the  MSPF  G  (c   )  for  an  input  connection  c,  of  v  is  given  by 


Mv  jk 


jk 
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GM(cik}  =GM(V  °(   v     f(v))  (3-D 

J 

where  if  IP(v  )  =  {v.},    \y  f(v)  is  regarded  as  the  function  of 

*     J   v€IP(v.  ) 
k 

r  J 

constant  0.   (See  Fig.  3'1  where  all  v  €  IP(v  )  except  v.  are  collectively 

k         J 

shown  as  a  single  input  line. ) 

Proof:  Fig.  3.1  shows  the  relation  among  G   (v,  ),    v    f   where  (d)  denotes  the 

M     ^    v€lP(Vl  ) 

l   x  k7 
J 
d-th  component  of  the  vector.  There  are  three  cases  as  follows. 


( d) 
(a)  G^  (vk.)  =  *•  Since  this  means  that  the  network  outputs  are  not  influenced 

by  the  output  of  v,  ,  all  inputs  of  v  are  arbitrary  (see  Fig.  3.1(h)). 


For  v.  €  IP(v,  ) 


M    jk 


(  c\  ) 
(b)     G/.     (v  )   =  1.      As  the  output  of  v     is   required  to  be  1,   all  inputs   should 

be  0's  since  v     is  a  NOR  gate   (see  Fig.   3.1(c)).     For  v.   €  IP(v,  ), 
k  j  k 


G(d)(c.J    =0. 
M     v   jky 


(=)     G<d)(vk)    .  0. 


(c-l)  If    \s         fK      (v)  =  1,  then  the  output  of  v,  is  always  0  independent 

v€lP(v  )  K 

I    k 

3 

(  d) 
of  the  value  realized  at  c,  (see  Fig.  3.1(d)),  that  is,  G„  (c  .,  )  =  *. 

jk  7        '      M    jk 

(c-2)   If    v    ft  \v)  =  0,   then  the  input  from  v.  must  be  1  since  f'   (v.  )  =  0 
v€!P(v.  )  °  k 


j_   •  ky 


VfcV. 

3 


(d) 


(it  is  obvious  from  G^\\)   =   0.  See  Fig.  3.1(e)).  Thus  GM  (^=1  . 

These  relations  are  represented  by  Eq.  (3.1). 

Q.E.D. 


M  jk 


f(a)M 


veIP(vn  ) 
I  k 


k 


4a)K) 

M         k 


(a) 


Ik 


0  or  1 


(b) 


(c) 


(e) 


Fig.    3-1     Relation  among  G^d)(vk),  v,         f (d) (v)   and  G^d) (c      ) 

veIP(vk) 

vk. 
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If  a  given  set  G(v )  of  permissible  functions  is  not  maximum,  the 
following  equation  gives  a  set  G(c.,  )  of  permissible  functions  for  c  .,  , 

Jk  Jk 

which  is  not  necessarily  maximum 

G(c.,  )  =  G(v.  )  D  (   v    f(v))  (3.2) 

Jk      k     v€lP(vk) 
vtv. 

For  output  connections  the  following  lemma  yields  an  MSPF. 


Lemma  3*1:  For  any  connection     connected  to  output  terminal  realizing  z., 

J 

the  MSPF  is  given  by  z . . 

<J 

Lemma  3«2:   If  gate  v.  has  only  one  output  connection  c. .  whose  MSPF  is 

X  XJ 

G..(c.  . ),   the  MSPF  G.,(v.  )   is  given  by 
M     ij  "  Mi  to  J 

G.,(v.)    =  G..(c.  .)      .  (3.3) 

Mv    1  M     lj  K         ' 

Note  that  when  an  input  terminal  or  a  gate  has  more  than  one  fan- 
out  connection,  G.,(v. )  is  not  necessarily  identical  to  G.„(c..)» 
'Mi  M  lj 

Consider  gate  v  which  is  connected  to  two  gates  v.  and  v.  and  all 

K  1       J 

the  successors  of  v.  are  disjoint  from  those  of  v.,  i.e., 

1  0 

S(v.)    n  S(v.)    =  0     .  (see  Fig.    3-2) 

1  J 

Let  G..(c.  .)   and  G.,(c.  .)  be  the  MSPF's   for  c.  .    and   c,  . .      We  can  replace  the  . 

M  ki       M  kj  ki      kj 

function  realized  at  c  .  by  any  function  in  G  (c  . )  and  then  we  can  independ- 
ently replace  the  function  realized  at  c,  .  by  any  function  in  G„,(c,  .)  because 

kj  M     kj 

S(v. )    D  S(v.)    =0.      So  the  MSPF  for  v     is  given  by 
J  k 

Gm(vJ    =  GM(c.  •)    n  G.,(c.  .). 
M     k'  M     ki  M     kj 
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V, 


'ki 


c« 


II. 

r 


Subnetwork  I 


v. 


j 


Subnetwork  II 
v, 


I 


Fig.    3.2     Network  satisfying  S(v. )    n  S(v.)    =  0 

■J-  J 


We  can  generalize  the  above  result  to  a  gate  with  more  than  two  outputs 

(see  Lemma  3' 3)' 

If  S(v. )  and  S(v.)  have  at  least  one  common  gate,  the  above  equation 
J 

is  not  necessarily  satisfied.   The  next  two  examples  show  that  (a)  there  is 

a  network  for  which  there  exists  a  function  in  G.„(cn  .)  n  G.-fc.  .)  but  not  in 

M  ki     M  kj 

G..(v.  )  and  (b)  there  is  a  network  for  which  there  exists  a  function  in  G..(v,  ) 
M  k      v  M  k 

but  not  in  G.,(cn  .)  D  G.,(c.  .). 

M  ki/    M  kj 

(a):   It  is  sufficient  to  show  the  above  property  for  the  d-th  components  of 
vectors  representing  maximum  sets.  Fig.  3-3(a)  shows  the  function 
values  at  connections  for  a  certain  combination  of  external  variables, 
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V. 


V. 


V 


V, 


(a) 


v. 


V 


vh 


00 


k 


v. 


h 


(c) 


Fig.  3.3  Existence  of  a  function  in 

G..(c,  .)  fl  G.,(c.  .)  but  not 
M  ki7    M  kj; 

in  G-iv,  ) 
M  k 
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say,  xn ,  x^,  ....  x  and  d  =  2   x,  +  ...+  x  +1.   Here,  we  assume 
J '      1'  2'  '      n  1        n  ' 

that  the  output  of  v,  is  0.   Using  Theorem  3«1  and  Lemmas  3.1  and  3«2  f 

we  can  calculate  d-th  component  of  MSPF's  because  v  ,  v.  and  v.  are 

k   1      j 

single-output  gates.   The  results  are  shown  in  Fig.  3«3(b).   For  example, 
since  the  output  of  v,  is  required  to  be  0  and  there  are  two  l's  as  in- 
puts of  v,  (c-l)  of  the  proof  of  Theorem  3-1  is  satisfied  for  any  in- 
put.  Thus  every  input  of  v,  is  required  to  be  *.   As 

G(d)  (c,  .)  =  *    and    Gf,d)  (c.  .)  =  *  , 

M     ki  M     kj '  ' 

we  can  change  the  function  realized  at  either  c.  .  or  cn  .  to  any  value 

ki  kj 

without   changing  the  output  value  of  the  network.      Although 

4d)  CO  ncid)  (c..)  =  *, 

M        v    ki  M        v   kj  ' 

the  assignment  of  1  to  the  output  of  v  produce  a  wrong  network  output 
(see  Fig.  3»3(c)).   We  can  assign  only  0  to  the  output  of  v  (Fig.  3* 3(a)) 

(  c\ ) 

So  G„,  (v.  )  =  0.   This  shows  that  there  exists  a  function  in  G„„(c,  .)  D 
M   v  k7  M  ki 

G.,(c_  .)  but  not  in  G„,(v.  ). 
M  kj  M  k 

(b):   Let  us  show  a  case  where  there  exists  a  function  in  G  (v.  )  but  not  in 

Gw(c,  .)  n  G  (c,  .).   Fig.  3«Ma)  shows  the  function  values  at  connections 

M  ki     M  kj 

for  a  certain  combination  of  external  variables,  xn ,  xOJ  ...,  x  such 

that  d  =  2  ~  xn  +  . . .  +  x  +1.   The  d-th  components   of  the  MSFF's 
In 

are  shown  in  Fig.  3«Mh).   As 

C^d)  (c..)  =  0  and  4d)(cv.)  =  *, 

M   v  ki  M    kj     ' 

we  have 


^(^n^C^-o. 
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V. 


V. 


V 


(  a  ) 


— -  'k 


v 


V 


V. 


(  b  ) 


V. 


V 


V 


V, 


(  c  ) 


Fig.  3«^  Existence  of  a  function  in  ^(v  ) 
but  not  inGM(ck.)  n^) 
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But  in  this  case  we  can  assign  1  to  the  output  of  v  without  changing 

K. 

the  output  of  v  (see  Fig.  3»Mc)).   Combining  two  cases  shown  in 
Fig.  3«Ma)  and  (c)  we  can  get 

M    k 

This  means  that  there  exists  a  function  in  G„„(vn  )  but  not  in  G,,(c,  .  )  0 

M  k  M  ki 

The  above  discussion  leads  to  the  following  lemma. 

Lemma  3.3:   If  the  MSPF  G,XC,   •)  for  every  v.  e  IS(v,  )  is  given  and  for  every 
— -  M  kj  j       k 

pair  v.   and  v.   in  IS(v  ) 
Xl      X2       k 

S(v.  )  n  S(v.  )  =  0      (empty  set) 
xl       X2 

holds, then  the  MSPF  G  (v  )  for  input  terminal  or  gate  v  is  given  by 


0     k 


In  particular,  when  v  has  only  one  fan-out  connection  to  v., 

k  J 


G.,(v.  )  =  GAA(cn  .)   . 
M  ky    M  kj 


A  tree  network  is  an  example  in  which  every  gate  satisfies  the 
condition  of  Lemma  3*3,  since  every  gate  has  only  one  immediate  successor. 
The  following  lemma  gives  a  procedure  to  calculate  MSFF's  for  gates  which  do 
not  satisfy  the  condition  of  Lemma  3«3« 

Lemma  3 . h ;   The  following  vector  H  gives  the  MSPF  for  any  input  terminal  or 

gate  v.  in  a  network. 
J 
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H 


-  (H<«  H<2>,  ....  H^) 


H(d)  =  *  if  z(d)   =>z!(a)      for  all  1, 

1—1  ' 

1  <  i  <  m, 

H(d)  =  f(d)/  j  if  z(d)  ig  not  #  and  algo 

3       i 


zfd)  1=  z!(d)     holds  for 
i      l 

some  i(l<  i  <  m) 


where  z!     is  the  i-th  output  function  realized  by  the  network  which  is 
obtained  from  the  original  network  (the  i-th  output  is  z.)  by  replacing 
connections  from  v.  by  f(v.)  realized  by  the  new  gate  in  Fig.  3»5«  Here 
f(v.)  is  the  complement  of  f(v.),  the  function  at  v.,  and  "z)M  above  is  used  as 
ordinary  set  implication,  i.e., 

*  -  °>    *  -   1»  1  -   ^  0^0- 

Proof:   (l)  Suppose  z.  '   =>  z!       holds  for  all  1=1,  . ..,  m  for  the  com- 
bination of  external  variables  such  that  d  -  1  =  2    x_  +  . . .  +  x  .  Even 

1         n 

if  we  change  the  output  of  v.  from  f   (v.)  to  its  complement  f   (v.),  the 

J  J  J 

network  still  realizes  the  required  output  functions.   So  we  can  assign  *  to 

(&) 
H   .   (2)  Suppose  the  above  condition  is  not  satisfied.   If  we  change  the 

output  of  v.  from  f^   (v.)  to  f^   (v.),  then  at  least  one  output  z.  changes 

(i.e.,  z  .   r  z!   ).   So  we  can  not  use  f^   (v.)  for  the  output  of  v.. 

ii  J  <J 

Thus  H(d)  =  f(d)(v.). 

3 

Q.E.D. 

Use  of  Lemma  3«^  is  time-consuming  since  we  must  calculate 

output  values  of  all  successor  gates  and  output  terminals  of  v..   So  we 

J 

should  avoid  to  use  Lemma  3.^-  unless  it  is  really  necessary. 
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V 
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f   b  ) 


Fig.    3-5     Calculation  of  the  MSPF   for  v 


23 

Based  on  Theorem  3.1  and  Lemmas  2.2,  3«1  through  3«^>  we  can 
obtain  the  following  procedure  to  calculate  the  MSPF's  for  a  network. 

Procedure  MSPF  (Procedure  to  calculate  the  MSPF's) 

(1)  Calculate  f (v. )  for  each  gate  v.  in  the  network  for  every  combination  of 

xl'  X2*  " * " '  Xn* 

(2)  There  exists  at  least  one  gate  v.  connected  to  only  an  output  terminal 

(loop- free  condition)  which  realizes  output  function  z..  For  such  gate 

v.  the  MSPF  is  given  by  G.,(v. )  =  z.. 
l  e      *  M  l     j 

(3)  Select  a  gate  v.  whose  MSPF  is  already  known.  The  MSPF  for  each  input  con- 
nection c..  of  v.  is  calculated  by  using  Eq.  (3«l)  of  Theorem  3»1« 

o  J-     * 

(k)      Let  us  calculate  the  MSPF  for  input  terminal  or  gate  v  . 

(U-l)  When  the  MSPF  G  (c  . )  for  every  v.e  IS(v  )  is  given  and  for  every 

pair  v.   and  v.   in  IS(v  ) 
i-L      i2       k 

S(v,  )  n  S(v  )  =  0 
xl       x2 

holds,  G  (v  )  is  given  by  Eq.  (3«*0  in  Lemma  3.3. 

(J+-2)  When  the  above  condition  (^--l)  is  not  satisfied,  we  calculate  the  MSPF 

for  v  using  Lemma  3»^« 

K. 

(5)  Repeat  steps  (3)  and  (h)   until  we  obtain  the  MSPF's  for  all  gates,  input  ter- 
minals, and  connections. 

Lemma  2.2  gives  a  necessary  and  sufficient  condition  for  the 
S-redundancy  of  a  gate,  an  input  terminal,  or  connection,  using  MSPF's.  A 
procedure  to  calculate  an  S-irredundant  network  is  obtained  by  combining 
Procedure  MSPF  and  Lemma  2.2. 


2k 
Procedure  SINM:  (Procedure  to  obtain  an  S-Irredundant  Network  based  on  the  MSPF's) 

(1)  Calculate  the  MSPF's  for  all  gates  and  connections,  starting  from  the  network 
output  and  moving  toward  input  terminals  using  Procedure  MSPF.   Usually 

in  a  network  every  external  variable  is  assumed  to  be  necessary,  so  we 
need  not  calculate  the  MSPF's  for  input  terminals. 

(2)  During  the  calculation  of  step  (l),  we  can  remove  connections  and  gates 
as  follows. 

(2-1)  Connections.  The  MSPF's  for  input  connections  of  v,  are  calculated  by 
Eq.  (3-1) •   If  there  exists  an  input  connection  of  v  whose  MSPF 
consists  of  O's  and  *'s  only,  remove  such  a  connection. 

(2-2)   Gates.   As  a  result  of  removing  connections,  there  may  exist  gates 
without  any  output  connections,  and  then  remove  such  gates. 

(3)  If  some  connnections  or  gates  are  removed  in  step  (2),  a  network  which 
is  different  from  the  original  network  may  be  obtained ^although  the  net- 
work outputs  still  represent  the  same  functions.   If  so,  return  to  step 
(l)  with  the  new  network.   Otherwise  go  to  step  (k) . 

(h)     Terminate  the  procedure  and  we  have  obtained  an  S-irredundant  network. 

This  procedure  does  not  necessarily  yield  a  network  with  a  minimum 
number  of  gates  or  connections,  since  an  S-irredundant  network  does  not  nec- 
essarily have  a  minimum  number  of  gates  or  connections.  But  the  procedure  is 
useful  in  many  cases  since  every  network  with  a  minimum  number  of  gates  or 
connections  must  be  S-irredundant. 

The  procedure  is  greatly  simplified  and  speeded  up  if  it  is  applied 
to  a  network  in  which  all  gates  satisfy  the  condition  of  Lemma  3.3,  because 
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the  application  of  Lemma  3.1+  is  time-consuming.   Since  a  tree  network  is  the 
case, Lemma  5  is  applicable.  Let  us  give  a  simple  example  of  a  tree  network 
here. 

Example  3»1:   Consider  the  tree  network  shown  in  Fig.  3.6(a).  We  get  easily 
the  following: 


f(v1) 

= 

(0 

0 

0 

0 

1 

1 1 1), 

f(v2) 

= 

(0 

0 

1 

1 

0 

0  1  1), 

f(v3) 

= 

(0 

1 

0 

1 

0 

1  0  1), 

f(V 

= 

(0 

1 

1 

1 

0 

1 1 1), 

f(v5) 

= 

(0 

0 

0 

0 

1 

0  0  0), 

f(T6) 

= 

(1 

0 

0 

0 

0 

0  0  0), 

f(v?) 

= 

(1 

1 

1 

1 

0 

0  0  0). 

MSPFs  are  obtained  as  follows  because  all  gates  have  single  outputs, 

GM(V  "  f (V  ■ 

W  =  GM(V  °  f (V6} 

=  (*  0  0  0  1  0  0  0), 

GM(v6}  =  W  D  f <V 

=  (10  0  0*0  0  0), 

GM(V  =  GM(V  °  (X2  ^  X3} 
=  f*  *   #  #  0  *  *  *). 


After  removing  gate  v  by  Lemma  2.2,  the  network  in  Fig.  3.6(b)  is  obtained. 
For  this  network, 
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Fig.  3»6  Example  for  Procedure  SIM 
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f(V 

= 

(01110111), 

f(v5) 

= 

(10  0  0  10  0  0), 

f(Vg) 

= 

(10  0  0  0  0  0  0), 

W 

= 

(01110111), 

GM(V 

= 

(*0001000), 

G„(v,) 

= 

(*00  0*00  0), 

By  Lemma  2.2  we  can  remove  gate  V/-  and  the  network  in  Fig.  3»6(c)  is  obtained. 

By  the  following  approach  we  can  obtain  an  S-irredundant  network 
from  any  type  of  network, without  using  Lemma  3*^  which  is  time-consuming. 

(1)  By  duplicating  gates  appropriately,  obtain  an  equivalent  network  in  which 
every  gate  is  connected  to  at  most  one  gate  (accordingly  a  gate  which  is 
connected  to  an  output  terminal  may  have  two  outputs). 

(2)  Since  in  the  network  obtained  in  step  (l)  every  gate  satisfies  the  con- 
dition of  Lemma  3*3,  Procedure  INM  can  be  applied  without  using  Lemma  3»^- 


The  resultant  network  after  the  above  procedure  may  have  more  gates 
than  the  resultant  network  obtained  by  Procedure  SINM  only,  although  both  net- 
works are  S-irredundant. 
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h.      Compatible  Sets  of  Permissible  Functions 

The  procedure  for  simplifying  a  network  discussed  in  the  previous 
section  has  the  following  disadvantages,  since  it  is  based  on  the  MSPF's. 
(A-l)   If  there  exists  a  gate  which  does  not  satisfy  the  condition  of  Lemma  3.3, 

we  need  to  use  a  time-consuming  calculation  of  Lemma  3«^- 
(A-2)   In  Procedure  SINM  each  time  an  S-redundant  connection  is  removed, the  re- 
calculation of  MSPFs  for  the  entire  new  network  is  required.   Two  or 
more  S-redundant  connections  cannot  be  in  general  removed  at  the  same 
time,  since  the  network  outputs  may  change. 

Reduction  of  calculation  time  is  very  important  in  order  to  develop 
a  practical  procedure.   For  this  purpose  we  introduce  the  concept  of  a  com- 
patible set  of  permissible  functions  (abbreviated  as  CSPF)  which  is  a  subset 
of  an  MSPF.   Procedures  based  on  CSPFs  have  the  following  advantages  and  dis- 
advantages . 
(B-l)  For  the  calculation  of  CSPFs  we  do  not  need  to  use  a  time-consuming 

process  like  Lemma  3«^» 
(B-2)  Even  if  an  S-redundant  connection  is  removed  we  need  not  recalculate 

CSPFs  for  the  new  network. 
(B-3)  The  property  (B-2)  above  is  useful  for  developing  network  transduction 

procedures  based  on  CSPFs,  which  will  be  discussed  in  [2],  [9],  [l6]  for 

a  simple  one,  see  Section  5). 
(B-k)      Since  CSPFs  are  subsets  of  MSPFs,  the  network  obtained  by  the  use  of 

CSPFs  is  not  necessarily  S-irredundant. 

For  the  above  reasons  there  is  a  trade-off  between  the  calculation 
time  and  the  effectiveness  of  procedures. 
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Let  us  illustrate  disadvantage  (A-2)  with  a  simple  example.   Let 

N    and  N    be  subnetworks  consisting  of  gate  v.  and  its  predecessors, 

i       0 
P(v. )  U  (v.},  and  gate  v.  and  its  predecessors,  P(v.)  U  {v.},  respectively. 

For  simplicity  we  assume  that  P(v. )  fl  P(v.)  =  0  and  IS(v.)  =  IS(v.)  =  {v  } 

1         J  X  J        k 

(see  Fig.  U.l(a)).   We  can  remove  connection  c  ,  in  N   (or  c   in  N   ) 

J 

if  the  output  function  f  (v.  )  of  N  (or  f(v.)  of  N   )  is  contained  in  G.,(c„  ) 
*                             v  l      v.         j      v.  M  lk 

i  3 

(or  GM(c .,  ))after  the  removal  of  the  connection.   We  may  not,  however,  be 

able  to  simultaneously  remove  both  connections  c   and  c   because  the  simul- 
taneous removal  of  both  connections  may  change  both  functions  realized  at 
v.  and  v.  such  that  f(v,  )  is  no  longer  in  GM(v  ),  as  the  following  functions 
show. 

More  concretely,  we  assume  the  following  functions  are  realized  at 
v . ,  v .  and  vn  . 

f(v.)  =(01100010), 

f(v.)  =  (00110001), 
J 


f(vk)  =(10001100), 


as  shown  in  Fig.  ^-.1  (a). 


Suppose  the  MSPF  for  v 


G  (v  )  =  (*  0  0  0  1  *  *) 

M  k7    v  ' 


be  given.   Then  the  MSFF's  for  connections  c.  and  c .,  are  calculated  by 

lk  jk 

Theorem  3*1, 

GM(cik}    =   (*  1  *  *  °  *  *  *^ 
GM(cjk}    -   (*  *  *  1  0  *  *  1), 

as   shown  in  Fig.    ^t-.l(b).      Let   f.,    and   f_  be  arbitrary  functions   in  G,„(c,  ) 

°  12  *  M     ik 
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f(v.)    =   (0  1100010) 


v. 


f(vk) 


=(10001101 


f(v.)    =(0  011000  1) 


(a) 


v 


V. 


GMK     )    =(*1**0***) 


v. 


Gm(vJ    =   (*  0  0  0  1  *  *  0 


Mv   k 


Gu(°j]J  =  (***io**i) 


(b) 


(0  100000  0)    €  G ■   (c..  ) 

M     lk 


(10  10  1110)    £  GM(v. 

M     k 


(0  001000  1)    €  GJc,  ) 

M     jk 


(*ll*0***)c  G   (c      ) 

"    M     ik 


(c) 


(***!()**!)  C  GM(cjk) 


(d) 


Fig.  4.1      Disadvantage    (A-2)   of  MSPF's 
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and  G  (c,  ),  respectively.   By  the  definition  of  MSFFs,  the  output  function 

M  Jk 

of  v  is  in  G..(v.  )  if  f_  and  f(v.)  or  f  (v. )  and  f_  are  connected  to  v  as 
K         M  £       X         J         1        d  K. 

inputs  instead  of  the  original  f (v. )  and  f(v.)«  We  cannot,  however,  replace 
both  inputs  f (v. )  and  f(v.)  simultaneously  by  f  and  fp,  respectively.   For 
example,  if  f  and  fp  such  that 

f  =  (01000000), 
f  =  (0  0  0  1  0  0  0  1), 

are  simultaneously  connected  to  v ,  the  output  of  v,  becomes 

(10  10  1110) 

which  is  not  contained  in  GM(vk),as  shown  in  Fig.  k.l.    (c). 

If  we  can  find  subsets  G(c.n  )  and  G(c  .,  )  of  G„(c.  )  and  G^c,  ), 

v  iky      v  jky     Mv  lk'      M  ok7' 

respectively,  such  that  the  output  of  v  corresponding  to  simultaneous  con- 

nection  of  any  two  inputs  f  e  G(c,  )  and  f  £  G(c   )  is  always  in  G  (v  ), 

then  we  can  remove  two  connections  c  ,  and  c  ,  at  the  same  time  when  f (v. ) 

ab      cd  l 

and  f(v.)  are  contained  in  G(c,  )  and  G(c   )  after  the  removal  of  c  ,  and  c   , 
j  Ik.        jk  ab      cd 

respectively. 


For  example,  in  Fig.  k.l.    (d)  the  following  G(cik)  and  G(c .  )  have  such 


a  property. 


G(cik)  =(*11*0***), 
G(cv)  =  (*  *  *  1  0  *  *  1). 

This  is  one  of  the  motivations  of  defining  CSFFs  in  Definition  k.2. 
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Definition  4.1:   A  tied  subnetwork  of  a  given  network  is  defined  as  part  of 
the  given  network  satisfying  the  following  conditions,  where  U  is  the  set  of 
input  terminals,  gates,  connections  and  output  terminals,  contained  in  this 
subnetwork. 

(1)  If  v.  €  U,  then  S(v. )  5  U, 

(2)  If  c.  .  e  U,  then  v.  e  U  and  S(v.)  c  U, 

(3)  If  v.  e  U,  v.  e  U  and  v.  e   IS(v. ),then  c. .  e  U. 

Definition  4.2:   Let  U  be  the  set  of  input  terminals,  gates,  connections  and  out- 
put terminals   in  a  tied  subnetwork  N  of  a  given  network.   All  the  sets  of 
permissible  functions,  G(v. )  and  G(c. .)  (v.  €  U,  c . .  e  U),  are  said  to  be  com- 
patible  with  respect  to  this  tied  subnetwork  if  the  following  property  holds 
with  every  subset  W  of  U. 

(1)  Replace  the  function  at  each  element  w  in  W  by  a  function  in  G(w). 

(2)  In  the  resultant  new  network  each  element  u  in  U,  which  is  not  contained  in  W 
realizes  some  function  contained  in  G(u). 

(3)  The  above  condition  (2)  holds,  no  matter  which  function  in  G(w)  is  chosen 
for  each  w  in  condition  (l)  (i.e.,  condition  (2)  holds  for  every  different 
choice  of  functions  in  G(w)'s  for  all  the  w's  of  W). 

As  a  special  case,  a  tied  subnetwork  can  be  a  given  network  itself. 
In  this  case  if  sets  of  permissible  functions  satisfy  the  above  conditions, 
they  are  simply  called  compatible  sets  of  permissible  functions  (CSFFs).   A 
CSFF  for  an  element  u  (€  V  U  C)  is  denoted  by  Gp(u).   There  is  a  procedure 
to  calculate  CSFFs,  which  will  be  explained  later. 

Definition  4.3:   The  following  arrangement  of  v. 's  in  V-  U  V  is  called 
ordering  r:   denoting  the  ordering  number  of  v.  with  r(v.), 
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1  <  r(v. )  <  R       for  v.  €  V 

—  1  —  l    G 

R  +  1  <  r(v. )  <  R  +  n    for  v.  €  \L. 

—  i  —  l    I 

Theorem  k.l:     Consider  a  tied  subnetwork  N  which  contains  gate  v.  but  none  of  its 
input  connections.   Let  U  be  the  set  of  input  terminals,  gates,  connections,  and 
output  terminals  in  this  tied  subnetwork.   Let  B  be  the  set  of  all  sets  of  permis- 
sible functions  for  elements  in  U  such  that  these  sets  are  compatible  with  respect 
to  subnetwork  N.   Let  subnetwork  N'  be  a  tied  subnetwork  which  consists  of  all 
elements  in  U  and  all  input  connections  of  v  .  Then  the  union  of  B  and  the 
sets  of  permissible  functions  calculated  by  Eq.  (4.1)  is  a  set  of  permissible 
functions  which  are  compatible  with  respect  to  subnetwork  N1. 
For  y.  e  IP(vk), 

0(0-)  =  (G(v  )  □  (    ^      f(v))}  #  f(v.)  (k.l) 

3K  k     r(v)>r(v.)  J 

v€lP(vk)J 

If  there  exists  no  v  satisfying  r(v)  >  r(v.)  and  v  6  IP(v  ),     \/      f(v) 

'  J  K  '  r(v)>r(v.) 

veiP(vk):) 

is  regarded  as  the  function  of  constant  0. 

Proof:   Table  4.1  shows  the  relation  for  the  d-th  components  based  on 
Definitions  2.2  and  3»1«   In  the  following  let  us  explain  why  we  must  de- 
termine the  entries  as  shown  in  the  last  column  in  Table  k.l. 


(d) 


(1)  If  Gv   (v.  )  is  *,  the  output  of  v  is  either  0  or  1.   If  it  is  0,  its 


input  is  1  or  0.   If  it  is  1,  its  input  is  0.   Since  we  have  0  and  1, 

(d  ) 

G        (c  .,  )  =  *.   Thus  we  have  the  first  row  of  Table  k.l. 

(ci) 
(2)  G   (v   )   =  1.      Because  v  is  a  NOR  gate,  all  inputs  of  v  must  be  0,  i.e., 

G   (c .  )  s  0.  Thus  we  get  the  second  row  of  Table  3.1. 


3^ 


G(d)(vk) 

V                f(<3)(v) 

r(v)>r(v. ) 

velP(v.  )J 
k 

f(d,(v.) 

0 

G(d)(c.k) 

* 

0  or  1 

0  or  1 

# 

1 

0 

0 

0 

0 

1 

1 

0  or  1 

#■ 

0 

0 

-* 

1 

1 

Table  4.1 


(3)  G   (v  )  =  0.   In  this  case  at  least  one  input  of  v,  must  be  1  and  others 

K.  K. 

are  arbitrary. 

(3-1)   If     v  f   (v)  =  1,  then  the  input  from  v.  is  arbitrary,  i.e., 

r(v)>r(v.) 
v€lP(v.  )J 

G^   (c,  )  =  *.   Thus  we  get  the  third  row  of  Table  4.1. 
<]k 

(d) 

(3-2)   If     v     f   (v)  =  0,  then  there  are  two  cases. 

r(v)>r(v. ) 

v£lP(vn  )J 
k 

(3-2-1)   f   (v.)  =  0.   In  this  case  we  must  have  f  (v.)  =  1  for  v.  such 

J  -Li. 

that  r(v. )  >  r(v.),  so  the  input  from  v.  is  arbitrary,  i.e., 

»(a,v  ■  *•  3 


35 
(3-2-2)  f(d)(v.)  =  1.   Then  G(d)(c,,  )  =  1. 

Even  if  we  change  one  or  more  input  functions  of  v,  each  of  which  is 

K. 

contained  in  a  set  of  permissible  functions  G(c   )  for  that  input  c   obtained 

J-K  Ok 

by  Eq.  (k.l),   the  output  of  v  remains  in  G(v,  ),  because  Table  k.l   is  prepared 
such  that  the  relationship  between  G(c   )  and  G(v,  )  is  maintained.   Since  B 
is  the  set  of  sets  of  permissible  functions  which  are  compatible  with  respect 
to  subnetwork  N,  the  union  of  B  and  all  sets  of  permissible  functions  for  the 
inputs  of  v,  (calculated  by  Eq.  (^.l))is  also  the  set  of  sets  of  of  permissible 
functions  which  are  compatible  with  respect  to  subnetwork  N'. 

Q.E.D. 

Theorem  k.2:      Consider  a  tied  subnetwork  N  which  contains  all  output  connections  of 
input  terminal  or  gate  v,  but  not  v,  itself.   Let  U  be  the  set  of  input  terminals, 
gates,  connections,  and  output  terminals  in  this  subnetwork.   Let  B  be  the  set  of 
all  sets  of  permissible  functions  for  elements  in  U  suoh  that  these  sets  are  compat- 
ible with  respect  to  subnetwork  N.   Let  tied  subnetwork  ¥  be  a  subnetwork  which  con- 
sists of  all  elements  in  U  and  v  .   Then  the  union  of  B  and  the  set  of  permis-  ■ 
sible  function  for  v  calculated  by  Eq.  (U.2)  is  the  set  of  sets  of  permis- 
sible functions  which  are  compatible  with  respect  to  subnetwork  W. 

G(v  )  =     17     G(c   ).  {k.2) 

k    v.GlS(vk)    kj 

Proof;   As  B  is  the  set  of  sets  of  permissible  functions  which  are  compatible 

with  respect  to  tied  subnetwork  N,  all  specified  components  of  the  network 

outputs  do  not  change  by  replacing  one  or  more  functions  of  c  .(v.£LS(v  ))  by 

kj  j     k 

functions  contained  in  their  respective  sets  of  permissible  functions  in  B. 

If  a  function  in  G(v  )  in  Eq.  (^.2)  is  chosen  as  the  output  function  of 

v  ,  all  the  functions  of  fan-out  connections  of  v  remain  in  their  respective 
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G(c,  .)•   By  "the  definition  of  compatibility,  it  can  be  shown  easily 
that  the  union  of  B  and  G(v  )  defined  by  Eq.  (k.2)   is  the  set  of  sets  of 

K. 

permissible  functions  which  are  compatible  with  respect  to  tied  subnetwork  W. 

Q.E.D. 

Let  us  outline  a  calculation  procedure  of  CSPFs  based  on  Theorems 
k.l   and  k.2.      (its  details  will  be  described  as  Procedure  RSCS. )  Obviously, 
MSPFs  for  any  connections  connected  to  output  terminals  obtained  by  Lemma  3.1 
are  compatible  with  respect  to  a  tied  subnetwork  consisting  of  all  these  out- 
put terminals  and  connections  connected  to  them.   Starting  with  the  fan-out 
connections  as  a  tied  subnetwork  calculated  above,  we  gradually  increase  the  size 
of  the  tied  subnetwork  while  calculating  CSPF's  for  all  input  terminals,  gates, 
output  terminals  and  connections  in  each  tied  subnetwork,  based  on  Theorems  k.l 
and  k.2   (notice  that  only  a  single  tied  subnetwork  which  contains  the  output 
terminals  is  being  considered  throughout  the  entire  network).  When  the  tied  sub-j 
network  coincides  with  the  entire  network,  we  have  calculated  CSPFs  for  all  the 
input  terminals,  gates,  connections,  and  output  terminals.   During  the  cal- 
culation, each  set  of  permissible  functions  does  not  change,  once  calculated. 
Thus,  although  the  notation  G  (u)  as  a  CSPF  for  element  u  is  defined  for  the 
entire  network,  use  of  G  (u)  even  for  a  tied  subnetwork  would  not  cause  any 
confusion.   In  Procedure  SIWM  each  time  we  find  an  S-redundant  connection 
we  have  to  recalculate  MSPFs,  but  if  we  use  CSPFs  such  a  recalculation  is  un- 
necessary. 

Lemma  2.2  gives  a  condition  for  an  input  terminal,  gate,    output 
terminal  or   connection  being  S-redundant.   If,  however,  we  use  CSPFs  instead 
of  MSPFs,  we  may  not  be  able  to  remove  connections  by  Lemma  2.2  because  of  the 
dependency  of  CSPFs  on  ordering  r.   For  example,  consider  a  three-input  gate 
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v^  shown  in  Fig.   k.2.     Assume  Gc(v ),   f(v     ),   f(v     )  and  f(v     )  are  given  as 
follows1. 


V      '   V  '   ^3 


Gc(vk)   =(100001**), 

f(v     )   =   (0  0  1  1  0  0  1  1), 
ql 

f(v     )   =   (0  1  1  0  0  0  0  0), 


f(vn    ) 
q3 


(00011001). 


If  r(v     )  <  r(v     )  <  r(v     ),   then 


Gc(c        )   =   (0  *  *  *  *  0  *  *), 
On  ** 


Gc(c        )    =    (011**0*  *), 


GC(ca  k}    =    (°   *  *  1  10    *  *)> 


by  Theorem  4.1   (see  Table  k.l). 


v 


% 


V 


V. 


Fig.   k.2     Three-input  NOR  gate 
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So  we  can  find  c    is  redundant  by  Lemma  2.2.   But  if  r(v  )  <  r(v  )  < 
qlk  q2       ql 


r(v  ),  then 
q3  ' 


GC(cq  k)^01*"0*^ 


GC(cq  k)  =  (°  *  1  *  *  °  *  *}> 
Gc(cq  fc)  =  (0  *  *  1  1  0  *  *). 


We  cannot  find  redundancy  of  c    in  this  case.   This  dependency  on  ordering 

q-J£ 

can  be  avoided  sometimes  by  the  following  lemma. 


Lemma  k.l:    If  for  gate  vn  we  can  find  a  set  E  c  IP(vn  )  which  satisfies 
k  —     k 


v€{lP(y  )-E) 


'(d)(v)  =1 


for  all  d  satisfying  gA   (v  )  -  0,  then  input  connections  to  v  from  input 
terminals  and  gates  in  E  are  S- redundant. 

The  proof  is  obvious.   In  the  case  of  Fig.  k.2,    as  f^   (q2)  v  f    (q-,) 

(a) 

is   1  for  all  d  satisfying  G^,      (v   )    =  0,    c  is    S-redundant. 

L>    K.        q,  k 

Combining  Lemma  k.l   with  a  calculation  procedure  of  CSPFs  based  on 
Theorems  k.l   and  k.2   and  Lemma  3.1,  the  following  procedure  is  obtained. 

Procedure  RSCS:   (A  Procedure  to  Remove  S-redundant  Connections  and  Calculate 

CSPFs) 

(1)  Calculate  f (v. )  for  each  gate  v.  in  a  given  network. 

(2)  For  each  output  connection  c. .  which  realizes  an  output  function  z  , 
Gc(c   )'  is  given  by  Gc(c   )=  zR. 

(3)  As  the  network  is  loop-free,  there  exists  at  least  one  gate  v.  whose  out- 
put is  connected  only  to  an  output  terminal  and  realizes  z  .   For  such 
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gate  v. , 


Gc(v.)  =Gc(c..)  =V 


This  is  a  special  case  of  Theorem  k.2. 
(k)     When  a  set  Gc(v ,  )  of  permissible  function  is  given,  first  we  remove 
S-redundant  inputs,  and  then  calculate  CSPFs  for  all  .inputs  of  v  . 
(k-l)     Calculate  a  set  E  satisfying 


E  cr  IP(vk)  , 


f(d)(v)  =1 
v€{lP(vk)-E} 

(  c\  ^ 

for  all  d  such  that  GA.  (v,  )=  1.   No  good  procedure  to  find  a  maximum 
set  E  has  been  known  so  far.  The  following  method  is  one  approach  to 
find  an  E,  although  the  result  may  not  be  maximum.   In  IP(v,  )  select  one 
element  with  the  smallest  number  by  the  ordering  r  and  check  whether  it 
is  removable  or  not  by  Lemma  k.l   (E  consists  of  only  one  element).   If  it 
is  S-redundant,  remove  it  and  apply  this  process  to  other  elements  with 
higher  numbers  in  IP(v,  )  until  all  the  elements  are  selected. 
{k-2)     Calculate  CSPFs  for  all  the  inputs  of  v  using  Eq.  (k.l)    (see 
Theorem  k.l). 

(5)  When  connections  are  removed  in  step  (k) ,  we  can  remove  some  input  terminals 
or  gates  if  they  are  not  connected  to  any  other  gates.   If  CSPFs  for  all 
fan-out  connections  of  v,  have  been  already  calculated,  a  CSPF  for  v,  is 
given  by  Eq.  (k.2). 

(6)  Repeat  steps  (k)   and  (5)  until  CSPFs  for  all  input  terminals,  gates  output 
terminals,  gates  and  connections  in  the  network  are  calculated. 

The  reason  why  an  ordering  number  for  any  input  terminal  is  chosen 
to  be  higher  than  those  for  gates  is  that  we  want  to  remove  gates  rather  than 
input  terminals  to  reduce  the  cost  of  the  network. 


1+0 
The  result  of  Procedure  RSCS  may  vary  if  we  use  different  ordering  r.   Normally 
a  gate  with  many  fan-out  connections  is  hard  to  remove,  so  it  may  be  desir- 
able to  add  the  following  conditon  in  determining  the  ordering  r. 

If  | IS (v.) |  >  |lS(v.)|,  then  r(v. )  >r(v.)  where  |lS(v.)|  denotes 

the  number  of  fan-out  connections  from  gate  v. . 

1 

Example  4.1:   We  apply  Procedure  RSCS  to  the  network  in  Fig.  4.3(a)  which 
shows  a  full  adder  realized  by  a  universal  network   [20]  (in  [20]  this  is 
called  a  tree  network)  where  two  outputs  z  and  z  are  given  by 


'l  =  xi  ©  x2  ©  x3 


(sum), 


z2  =  x.^  ^  xgx  sy  x  x1   (carry). 


Ordering  r  is  determined  as  follows: 

for  gate  v.,  r(v. )  =  i  -3; 

for  input  terminal  v.,  r(v-)  =  i  +  9* 
In  the  network  shown  in  Fig.  4.3(a),  functions  realized  by  ex- 
ternal variables  and  gates  are  as  follows 


External  variables 


Gates 


f 

f 

f 

f 

f 

f 

f 

f 

f 

f(v 

f(v 

f(v 


vl} 

=      ( 

V2} 

=      ( 

V3} 

=      ( 

V 

V 

=      ( 

v6} 

V 

Vg) 

V 

=      ( 

icr 

=      ( 

hj/ 

—      ( 

TO' 

(0  0  0 
(0  0  1 
(0  10 
(0  11 
(0  0  0 
(0  0  0 
(0  0  0 
(0  0  0 
(0  0  0 
(0  0  1 
(0  10 
(10  0 


0  11 

1  1), 

10  0 

1    1); 

10  1 

0  1), 

0  10 

0  1), 

10  1 

1  1), 

0  0  0 

1  0), 

0  0  1 

0  0), 

0  10 

o  o), 

10  0 

0  0), 

0  0  0 

0   0), 

0  0  0 

o  o), 

0  0  0 

0  0). 

kl 


Zp=    X-.  Xp    \s    XpX._    \/    X,3X1 


Zl=  Xl©  X2©  X3 


(   a  ) 


(   b  ) 


(   c   ) 


Fig.  k.3     Full  adder 
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For  the  output  gates,  v.  and  v  ,  we  can  obtain  sets  of  permissible  functions 
as  follows: 


Gc(v^)  =  (01101001), 
Gp(vc)  =  (00010111). 

From  Gc(vi<_),    f(v^),    f(v   )   and  f(v   ),we  obtain  Gc(v^),   G   (v„)   and 


G   (vq),    since  these  gates  are  single-output  gates. 


Gc(v6)  =  (*  0  0  *  0  *  1  0), 
Gc(v7)  =(*00*01*0), 
Gc(v   )    =   (*  0  0  1  0  *  *  0). 


From  Gp(v^),  f(vn),  f(v_0)  and  f(v      )   we  have 

(1)  c,p  /r  is  redundant  (Lemma  ^.l), 

(2)  Gc(c8>6)  =  (*  *  *  *  1  *   0  *), 

Gc(cio,6)=  (*  *  1  *  *  *  °  *)• 
Similarly  we  can  remove  c-0     ,   and  we  get 


Gc  (c8  ?)  =  (*  *  *  *  1  0  *  *), 
GC(cll  7)  =  (*  1  *  *  *  °  *  *)' 


We  can  remove  c.„  Q,  and  get 


Gc(cio,9)  =  ("10"")' 
Gc(cn  J  =  (*  i  *  o  *  *  *  *). 
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Also:      for  inputs  of  v^, 


Gc   (cg      )  =   (*  *  *  0  1  0  0  0), 

G   (c  )  =   (*  *  1  0  *  0  0  O). 

C     ■LU'5 

gc(c11  5)  =  (n*o*ooo), 

Gc(c12^)  =   (1**0*000). 


Thus 


gc(v8)  =  gc(c8^)  n  gc(c8^6)  n  gc(c8^7) 

=  (*  *  *  0  1  0  0  0), 
Gc(v1Q)  =  (*  *  1  0  *  0  0  0), 
gc(vi:l)  =  (*1*0*0  0  0). 


From  the  above  results, 

Gc    (c12  Q)    =   (*  *  *  *  0  *  *  *), 

GC^C12  10  ^  =  (*   *  °  *  *  *  *  *)»   ' 
Gc(c12   )  =  (*  0  *  *  *  *  *  *). 

So  we  can  remove  connections  c12  Q,   c±2   1Q,  and  c   11.  Finally, 

GC(c12,i+}  =(100*0**0), 
GC^C12,5)  =(1**0*0  0  0). 
Gc(v12)    =(10000000). 

The  network  obtained  is  shown  in  Fig.  ^.3(b). 

If  we  apply  Procedure  RSCS  to  the  network  in  Fig.  ^.3(h),  further 
reduction  is  possible. 
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Gc(v  )  =  (00010111), 
f  (vQ)  =(10001000), 
f(v1Q)  =  (10100000), 
f(vu)  =  (11000000), 
f(v12)  =  (10000000). 


We  can  eliminate  connection  c.„  _ (Lemma  i+.l).The  resulting  network  is  shown 

12,5 

in  Fig.  k.3(c) .      This  network  is  known  as  the  minimum  3-level  full  adder 
using  NOR  gates  as  proved  by  the  integer  programming  design  procedure  [18]. 
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5.  Network  Transductions  Using  Permissible  Functions 

In  sections  3  and  k   we  discussed  procedures  to  calculate  MSFP's  and  CSPF's 
and  their  applications  to  simplifying  networks  by  removing  redundant  connections 
and  gates.  For  further  network  simplifications  more  powerful  network  transductions 
are  desired.   Some  of  known  transformations  [11],  [17],[27]  can  be  generalized 
using  the  concept  of  permissible  functions.   Several  such  transductions  are  presented 
here  while  detailed  discussions  are  given  in  [2], [9], [l6],  A  more  powerful  trans- 
duction based  on  error  compensation  will  be  briefly  discussed.  The  transduction 
procedure  can  also  treat  a  multiple-redundancy,  as  the  discussion  in  [10]  shows. 

Theorem  5.1:   If  there  exist  two  gates  and/or  input  terminals,  v.  and  v., 
satisfying  the  following  conditions,  all  fan-out  connections  from  v.  can  be 

J 

replaced  by  fan-out  connections  from  v..   Thus  v.  is  removable. 

1        j 

(1)  f(v.)  e  G(v.),  where  G(v.)  is  a  set  of  permissible  functions  of  v.  which 
can  be  an  MSPF  or  a  CSPF. 

(2)  v  t  S(v  ). 

Proof;   By  the  definition  of  permissible  functions  if  (l)  is  satisfied,  the 
output  function  of  v.  can  be  replaced  by  f(v.).   (2)  guarantees  a  loop-free 

J 

network  after  this  transformation. 

Q.E.D. 
Use  of  MSPF's   in  Theorem  5*1  may  give  a  better  chance  for  removal  since 
G  (v.)  3  G(v.)(G(v.)   can  be  a  CSPF),  but  the  calculation  of  MSPF's   is  normally 
time-consuming. 

This  theorem  is   a  generalization  of  the  primitive   "gate  merging"  which 
is  an  inverse  of  a  "parallel  duplication"  or  a  "serial  duplication"    [11]. 
Fig.    5.1  shows  an  example  of  a  gate  merging.      In  Fig.    5.1(a)   v.   and  v.  realize 
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(a) 


(b) 


Fig.    5.1     Gate  merging 
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the  same  function,  so  the  network  in  Fig.  5«l(b)  is  obtained. 
Let  us  give  an  example  for  Theorem  5.1. 

Example  5.1;   The  network  shown  in  Fig.  5«2(a)  realizes  the  function 


f  =  X  X  s,   X  X  s/   xx 


Functions  realized  at  input  terminals  and  gates  are  as  follows, 


f(v1) 

= 

(o 

0 

0 

0 

1 

111) 

f(v2) 

= 

(o 

0 

1 

1 

0 

Oil) 

f(T3) 

= 

(o 

1 

0 

1 

0 

10  1) 

<r(V 

= 

(o 

1 

1 

1 

0 

0  0  1) 

'(v5) 

= 

(o 

0 

0 

0 

1 

0  10) 

f(Tg) 

= 

(1 

0 

0 

0 

1 

10  0) 

f(v?) 

= 

(1 

1 

1 

1 

0 

0  0  0) 

f(T8) 

= 

(o 

1 

1 

1 

0 

0  0  0) 

«v 

= 

(1 

0 

0 

0 

1 

0  0  0) 

X 


1' 


=  x, 


=  X 


3' 


(1)     Transformation  by  CSPFs 

CSFFs   for  gates   are  calculated  by  Procedure   RSCS. 


<vv 

= 

(01110001), 

w 

= 

(*  0  0  0  *  *  1  0), 

w 

= 

(10  0  0  11*0), 

w 

= 

(*  *  i  *  *  *  o  ■*) 

GC(v8> 

= 

(01**00**), 

w 

= 

(10*****  *). 

^8 

Since  f(vo)  e  G  (v  ),  the  network  in  Fig.  5.2(b)  is  obtained  by  sub- 
stituting Co/  for  c   . 
(2)  Transformation  by  MSPFs 

In  this  case  the  calculation  of  MSPFs  is  very  easy,  since  the  net- 
work in  Fig.  5' 2(a)  is  a  tree.   MSPFs  for  gates  are  as  follows. 


W  ■ 
W  ■ 

W  ■ 

w  = 
w  - 


(0  1110001 

(*  000**10 

(1000*1*0 
(#*]_-*-*-*0* 
(01***0** 
(10****** 


Here,  G  (v  )  =  G  (v  )  and  we  get  the  same  result  (Fig.  5 • 2(b)) 
M   f      Of 


The  result  cannot  be  obtained  by  the  gate  merging. 


x. 


X. 


(a) 


Fig.  5.2  Example  of  Theorem  5«1 
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The  following  transformation  is  given  in  [11].  "if  f(v.)  = 

J 

v     f(v.  )  and  v.  ,  . ..,  v.  f  S(v.),  then  each  output  connection  of 
k=l,...,h    Xk       xl       Xh     J 

v.  can  be  replaced  by  the  connections  from  v.  ,  .,..,  v.  ."  The  next  theorem 
J  xl       xh 

generalizes  this. 

Theorem  5.2:   If  there  exist  h  gates  and/or  input  terminals  v.  ,  v.  ,  . .., 

Xl   X2 

v.   and  a  gate  v.  satisfying  the  following  conditions,  each  fan-out  connection 
Xh  J 

of  v.  can  be  replaced  by  the  outputs  of  v.  ,  . ..,  v.  .  Thus  v.  is  removable. 

(1)      v     f(v.  )  €  G(v.), 
k=l,2,...,h     k      J 

where  G(v.)  is  a  set  of  permissible  functions  for  v.  which  can  be  an 

MSFF  or  a  CSPF. 


(2)  For  every  f(y.  )  where  k  -  1,  . ..,  h,  there  exists  at  least  one  d 
satisfying 


xk 


f(d)(v.  )  =1,     v     f(d)(v.  )  =0,  G(d)(v.)  =  1 
k      t=l,...,h       t  J 

(3)  v  ,  v  ,  . ..,  v   £  S(v  ). 

xl   x2       xh     J 

Proof:   If  the  outputs  of  v.  ,  v.  ,  . ..,  v.   are  connected  to  one  NOR  gate, 

Xl   X2       xh 

it  is  equivalent  to  connecting  one  input  function,  f(v.  )  \/  f(v.  )  ss   ...  v  f(v.  ), 

Xl      X2  Xh 

If  (l)  is  satisfied,  the  outputs  from  v.  ,  v.  ,  ...,  v.   can  replace  each  fan- 

xl   x2       xh 

out  connection  of  v..   If  there  exists  f(v.  )  (k  =  l,...,h)  which  does  not 

3  Xk 

satisfy  (2),  the  following  relation  holds  and  each  output  of  v.  can  be  replaced 

J 

without  v.  : 
\ 
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v         f(c.    )    €  G(v.). 
t=l,...,h        t  J 

Again   (3)   guarantees   a  loop-free  network  after  this  transformation. 


Another  well  known  transformation  is   as   follows    [5l,    [20]. 


Q.E.D. 


"if  all  immediate  successors  of  v.  have  input  x.,  x.  can  be  fed  to  v.  as  a 
r  e  dund  ant  i  nput . ' ' 

A  simple  application  of  this  transformation  is  shown  in  Fig.  5»3- 
In  Fig.  5«3(a)  x   (or  x  )  can  be  fed  to  v^  (or  v  )  since  its  immediate 
successor  v.  (or  v,-)  has  input  xp  (or  x  ,  respectively).  By  merging  two  iden- 
tical gates  after  the  transformation  the  network  in  Fig.  5' 3(b)  is  obtained. 


(a) 


x. 


(b) 


Fig.  5-3   Use  of  redundant  inputs 
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Generalized  versions  of  this  transformation  are  given  in  [171  and 
[27].  Using  permissible  functions,  a  further  generalization  is  possible  as 
follows . 

Theorem  5»3:   Let  G(v.)  be  a  set  of  permissible  functions  for  gate  v.  which 
can  be  an  MSPF  or  a  CSPF.   We  can  add  a  connection  from  input  terminal  or  gate 
v.  to  v.  if  the  following  conditions  are  satisfied. 

(1)  f^(v.)  =   0  for  all  d  such  that  G^(v.)  =  1. 

(2)  v.  t  S(v.). 

Proof:   If  there  exists  d  such  that  f   (v.)  =1  and  G   (v.)  =  1,  a  connection 

from  v.  to  v.  changes  the  output  of  v  from  1  to  0.   So  we  can  not  connect 

v.  to  v..  For  all  other  combinations  of  values  of  f^   (v.)  and  G   (v.)  a 

connection  from  v.  to  v.  keeps  the  output  of  v.  in  G(v.)«   (2)  guarantees 
J-     j  J      J 

a  loop-free  network  after  adding  a  connection  from  v.  to  v.. 

Q.E.D. 
We  can  derive  network  transduction  procedures  based  on  Theorem  5«3> 
as  follows. 
T-I.   Add  one  or  more  connections  by  Theorem  5*3  in  order  to  get  two  gates 

with  identical  input  sets.   If  it  is  possible,  merge  the  two  gates  and 

we  get  a  network  with  a  less  number  of  gates. 
T-II.   Add  one  or  more  connections  by  Theorem  5»3»   We  may  be  able  to  remove 

other  connections  or  gates  by  this  addition.   If  it  is  possible, we  can 

get  a  network  with  different  configuration. 

T-II  can  be  used  to  change  network  configurations.   If  we  cannot  apply 
any  known  transformations  [11], [17], [27]  to  a  given  network,  we  apply  T-II 
in  order  to  change  the  network  configuration.  For  the  resultant  network  we 
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may  be  able  to  further  apply  the  known  transformations. 

If  we  want  to  reduce  the  necessary  calculation  time,  we  need  to 
develop  more  systematic  network  transduction  procedures.   The  following  example 
illustrates  one  of  such  procedures  based  on  permissible  functions.   In  order 
to  simplify  a  given  network,  we  first  remove  an  appropriate  gate  from  it. 
Then  we  try  to  compensate  for  the  errors  in  the  network  outputs  caused  by  the 
removal,  by  changing  the  configuration  of  the  resultant  network. 

Example  5.2:   Fig.  5.k(a)   shows  a  network  realizing 

(100000000010110  1). 
In  order  to  simplify  the  network  let  us  remove  Vn.   Then  we  get  the  network 
in  Fig.  5«*+(b)  whose  output  is 

(100001000010110  1). 
Note  that  the  outputs  of  the  two  networks  differ  only  in  the  6-th  components. 
We  want  to  compensate  for  the  erroneous  component  value  of  the  latter  network 
by  adding  connections. 

Functions  realized  at  the  input  terminals  and  gates  in  the  original 
network  in  Fig.  5«Ma)  are  as  follows. 


f  (vx)  = 

f  (v2)  = 

f  (V3)  = 

f  (V  = 

f  (v5)  = 

f  (v6)  = 


(0  000000011111111 
(0  000111100001111 
(0  011001100110011 
(0  101010101010101 
(1000000000101101 
(0  000101000000010 
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f  (v?) 


(0  101000011010000 
:  (0  101111100000000 
(0  011001100000000 
(1010000000100000 
(0  000000011001100 
(1100110000000000 


*  (V 

f(v1Q) 
f(vn) 


f(v12) 


The  values  of  the  6-th  component  for  input  combination  x  =  x  =  0 
and  Xp  =  Xjl  =  1  are  shown  in  Fig.  J.k (a)  and  (b).   Components  of  vectors 
representing  CSEF's  can  be  calculated  independently,  so  we  calculate  CSFF's 
for  all  components  except  the  6-th  of  the  network  in  Fig.  5.U(b). 


GC    (V    = 

GC  <v6>  ' 
Gc   (v?)   = 

Gc  (V  = 
Gc(V  = 
Gc(vn)  = 

Gc(v12)   = 


(10  0  0  0 
(0***1 
(01*1* 
(0  *  1  *  * 

(10*00 
(0***0 
(1*0*1 


0000101101 

1***0*0010 
**110100*0 

#i#*o*oo*o 

0*0010**0* 
0*1*0*1*0* 

*oo***o*** 


If  we  can  change  the  6-th  component  of  f(v/-),  f(v_)  or  f(vq) 
from  0  to  1,  the  error  of  the  network  output  can  be  compensated.   The  value 
0  in  the  6-th  component  of  the  output  at  gate  V/-  (also  v„,  and  v  )  is  due  to 
Xi  =  1  (x  =  1  and  f(v..p)  =  1,  respectively).   If  we  want  to  change  the  output 
of  vQ  from  0  to  1,  the  6-th  component  of  f(v_p)  must  be  0.   If  we  can  change  the 
output  of  vip  to  any  function  in  the  set  of  permissible  functions 

H=  (1*0*10*00***0***) 


(it  is  the  same  as  G  (v_p)  except  the  6-th  component),  the  error  will  be 


Cv  12 


X. 


5h 


X. 


V 


12 


1  I 


V. 


12 


k  -*— 


6 


V, 


V 


(b) 


x, 


V 


x2 


■■rl 


V 


X 


V 


(c) 


W9 


1 


V 


V 


Fig.  5.1+  Example  of  a  transduction  based  on  error  compensation 
(The  values  shown  at  the  gates  are  for  the  6-th  component 
of  the  external  variables,  i.e.,  x  =  x  =  0  and  x^  =  x^  =  l) 


55 

compensated.   We  can  generate  such  a  function  by  adding  x.  to  v  p  and  con- 
sequently by  changing  the  output  of  v1p  into 

(100010000000000  0) 

which  is  contained  in  H.  The  network  obtained  is  shown  in  Fig.  5.k(c). 

Let  us  describe  the  network  transduction  procedure  illustrated  by 
Example  5«2. 

T-III.   (l)  Remove  a  gate  or  a  connection  from  a  given  network  N.   Let  N'  be 
the  obtained  network. 

(2)  Calculate  the  components  of  errors  in  the  outputs  of  N*. 

(3)  Calculate  components  of  vectors  representing  MSFF's  or  CSPF's 
(for  remaining  gates  and  connections )  corresponding  to  all  error- 
free  component  positions  of  the  outputs  of  N' . 

(h)     Compensate  for  errors  by  adding  or  removing  connections. 

T-III  is  a  more  systematic  network  transduction  procedure  than  the 
transductions   discussed  previously.   It  can  be  also  used  to  treat  multiple- 
redundancy.  Assume  that  two  connections  c  ,  and  c   are  multiple-redundant 

and  neither  of  them  is  single -redundant.   Let  N'  be  a  network  without  c  ,  . 

ab 

By  compensating  for  errors  of  N'.,c  .  could  be  removed. 

'  cd 

Further  discussions  based  on  such  error  compensation  will  be  given 
in  [10] . 
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6.   Conclusion 

In  this  paper  the  concept  of  permissible  functions  is  introduced  and 
procedures  to  calculate  maximum  sets  of  permissible  functions  (MSFF's)  and 
compatible  sets  of  permissible  functions  (CSEF's)  are  given.   Several  network 
transduction  methods  which  are  network  simplification  procedures  based  on 
permissible  functions  are  also  shown.  More  general  network  transduction 
procedures  along  with  computer  experiments  are  discussed  elsewhere  [l],  [2], 
[9],  [10],  [131  ~  [16]. 

Network  transduction  procedures  which  are  discussed  with  respect 
to  NOR  networks  in  this  paper  can  be  easily  generalized  to  networks  of  other 
types  of  gates,  such  as  NAND,  OR,  or  AND  gate  networks  (or  a  mixture  of  two 
or  more  types  of  gates,  including  NOR  gates). 
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